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Abstract
Clustering is an important research topic that has practical applications in many 5elds. It has been demonstrated that fuzzy
clustering, using algorithms such as the fuzzy C-means (FCM), has clear advantages over crisp and probabilistic clustering
methods. Like most clustering algorithms, however, FCM and its derivatives need the number of clusters in the given data set
as one of their initializing parameters. The main goal of this paper is to develop an e;ective fuzzy algorithm for automatically
determining the number of clusters. After a brief review of the relevant literature, we present a new algorithm for determining
the number of clusters in a given data set and a new validity index for measuring the “goodness” of clustering. Experimental
results and comparisons are given to illustrate the performance of the new algorithm.
? 2004 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Clustering is a process for grouping a set of objects into
classes or clusters so that the objects within a cluster have
high similarity, but are very dissimilar to objects in other
clusters [1]. Various types of clustering methods have been
proposed in the literature [2–7]. All of these methods share a
common feature: they are unsupervised. Because of this, the
clustering results need to be validated. The cluster validation
problem involves measuring how well the clustering results
reEect the structure of the data set, which is an important issue in cluster analysis. The most important indicator of the
structure is the number of clusters. Since most basic clustering algorithms assume that the number of clusters in a data
set is a user-de5ned parameter (one that is diFcult to set in
practical applications), the common approach is an iterative
trial-and-error process. The trial-and-error process performs
the model selection according to the terms used by Jain [5].
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In fact, the number of clusters is a parameter related to the
complexity of the cluster structure. In this paper, we are
interested in the problem of cluster validation in the context
of partitioning-based clustering algorithms. In other words,
the clustering algorithm is run with di;erent initial values
for the number of clusters and the results are compared in
order to determine the most appropriate number of clusters.
For this purpose, validity indices have been proposed in the
literature [8–12].
In the work reported here, we are particularly interested
in the fuzzy C-means (FCM) algorithm. Because of its concept of fuzzy membership, FCM is able to deal more effectively with outliers and to perform membership grading, which is very important in practice. FCM is one of the
most widely used clustering algorithms. Several validity indices have been proposed in the literature for use with the
FCM clustering algorithm. Early indices such as the partition coeFcient and classi5cation entropy make use only of
membership values and have the advantage of being easy
to compute. Now, it is widely accepted that a better de5nition of a validity index must consider both the compactness within each cluster and the separation between clusters.

0031-3203/$30.00 ? 2004 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
doi:10.1016/j.patcog.2004.03.012

2028

H. Sun et al. / Pattern Recognition 37 (2004) 2027 – 2037

Most existing validity indices are eFcient in detecting the
number of clusters when the data in di;erent clusters do not
overlap. However, in Section 5.2, we will see that for overlapping data, their behavior could be unpredictable.
In this paper, we report two contributions to cluster analysis. First, we propose a new algorithm for clustering while
automatically determining the number of clusters. The new
algorithm improves the conventional model selection process by reducing the randomness in the initialization of cluster centers at the beginning of each clustering phase. For this
purpose, splitting strategies have been designed and combined with the basic clustering algorithm so that for each
candidate number of clusters, the clustering process can be
carried out starting with the previously obtained clusters.
Second, we propose a new validity index that is eFcient
even when clusters overlap each other. The new validity index, inspired by Rezaee’s validity, is based on a linear combination of compactness and separation. We report the test
results yielded by the index in a model selection process using a data set from the public domain and several generated
data sets. These results provide an evaluation of the new
index under the condition of overlapping clusters, an empirical comparison with other indices, and an evaluation of
new algorithm in terms of numerical stability and running
time cost.
This paper is organized as follows. In Section 2, we introduce the basic FCM algorithm and the FCM-based model
selection algorithm. In Section 3, we present the new algorithm, which is based on a splitting strategy. In Section 4,
we describe our new validity index in detail. In Section 5,
experimental results are presented to show the advantages
of the new algorithm and the new validity index. In Section
6 we give some concluding remarks and discuss current and
future extensions of this work.
2. Basic algorithm
In this section, we brieEy introduce the basic FCM algorithm and the general model selection algorithm for determining the number of clusters in a data set.
2.1. FCM algorithm
The FCM algorithm dates back to 1973. FCM-based algorithms are the most widely used fuzzy clustering algorithms
in practice. The basic FCM algorithm can be formulated as
follows:
n 
c

Minimize Jm (U; V ) =
ukim xk − vi 2 ;
(1)
k=1 i=1

where n is the total number of data vectors in a given data
set and c is the number of clusters; X = {x1 ; x2 ; : : : ; x n } ⊂
Rs and V = {v1 ; v2 ; : : : ; vc } ⊂ Rs are the feature data and
cluster centers; and U = (uki )n×c is a fuzzy partition matrix
composed of the membership of each feature vector xk in


each cluster i: uki should satisfy ci=1 uki =1 for k=1; 2; : : : ; n
and uki ¿ 0 for all i = 1; 2; : : : ; c and k = 1; 2; : : : ; n. The
exponent m ¿ 1 in Jm (U; V ) (Eq. (1)) is a parameter, usually
called a fuzzi5er. To minimize Jm (U; V ), the cluster centers
(prototypes) vi and the membership matrix U need to be
computed according to the following iterative formula:
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i = 1; 2; : : : ; c:
(3)
n
m ;
k=1 uki
The basic FCM algorithm is as follows.
Algo1: Basic FCM algorithm
(1) Input the number of clusters c, the fuzzi5er m and the
distance function  · .
(2) Initialize the cluster centers vi0 (i = 1; 2; : : : ; c).
(3) Calculate uki (k = 1; 2; : : : ; n; i = 1; 2; : : : ; c) using Eq.
(2).
(4) Calculate vi1 (i = 1; 2; : : : ; c) using Eq. (3).
(5) If max16i6c (vi0 − vi1 =vi1 ) 6  then go to Step 6;
else let vi0 = vi1 (i = 1; 2; : : : ; c) and go to Step 3.
(6) Output the clustering results: cluster centers vi1 (i =
1; 2; : : : ; c), membership matrix U and, in some applications, the elements of each cluster i, i.e., all the xk
such that uki ¿ ukj for all j = i.
(7) Stop.
2.2. Determination of the number of clusters
The following model selection algorithm applies the
basic FCM clustering algorithm to the data set for
c = Cmin ; : : : ; Cmax and chooses the best value of c based
on a (cluster) validity criterion. Here, Cmin and Cmax are
prede5ned values that represent, respectively, the minimal
and maximal numbers of clusters between which an optimal
number is sought.
Algo2: FCM-based model selection algorithm
(1) Choose Cmin and Cmax .
(2) For c = Cmin to Cmax :
(2.1) Initialize cluster centers (V ).
(2.2) Apply the basic FCM algorithm to update the
membership matrix (U ) and the cluster centers
(V ).
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(2.3) Test for convergence; if no, go to 2.2.
(2.4) Compute a validity value Vd (c).
(3) Compute cf such that the cluster validity index Vd (cf )
is optimal.
Several techniques exist for initializing cluster centers (Step
2.1). Random initialization is often used because of its simplicity. Other initialization methods could be used in many
cases. Recently, an empirical comparison of four initialization methods for the K-Means algorithm was reported in
Ref. [13]. According to this study, random initialization is
one of the best methods as it makes the K-Means algorithm
more e;ective and less dependent on initial clustering and
order of instances. Although it is not clear if these results
can be generalized to the case of FCM, it is still reasonable
to assume that random initialization is a good choice for
Algo2.
3. A new FCM-based clustering algorithm
In Algo2, we use random initialization at the beginning
of each clustering phase. By doing so, we try to ensure that
the selection process is carried out under relatively general
conditions and the results are as replicable as possible. However, it is easy to imagine that re-initialization at each phase
could be a source of computational ineFciency. Use of the
clustering results obtained in previous phases may lead to
a better initialization. In this section, we propose strategies
that yield a new FCM-based clustering algorithm. First we
explain the major steps of the algorithm in detail. Experimental results and discussions follow in subsequent sections.
The FCM-based splitting algorithm (FBSA) described below is called a splitting algorithm because it operates by
splitting the “worst” cluster at each stage in testing the number of clusters c from Cmin to Cmax . The major di;erences
between this algorithm and Algo2 in the previous section
lie in the initialization of cluster centers, the validity index
used and the process for splitting “bad” clusters. The general strategy adopted for the new algorithm is as follows:
at each step of the new algorithm (FBSA), we identify the
“worst” cluster and split it into two clusters while keeping
the other c − 1 clusters.
FBSA: FCM-Based Splitting Algorithm
(1) Choose Cmin and Cmax .
(2) Initialize Cmin cluster centers (V ).
(3) For c = Cmin to Cmax :
(3.1) Apply the basic FCM algorithm to update the
membership matrix (U ) and the cluster centers
(V ).
(3.2) Test for convergence; if no, go to 3.1.
(3.3) Compute a validity value Vd (c).
(3.4) Compute a score S(i) for each cluster; split the
worst cluster.
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(4) Compute cf such that the cluster validity index Vd (cf )
is optimal.
The general idea in the splitting algorithm FBSA is to identify the “worst” cluster and split it, thus increasing the value
of c by one. Our major contribution lies in the de5nition
of the criterion for identifying the “worst” cluster. In this
paper, we propose a “score” function S(i) associated with
each cluster i, as follows:
S(i) =

n

uki
:
number of data vectors in cluster i
k=1

In general, when S(i) is small, cluster i tends to contain a
large number of data vectors with low membership values.
The lower the membership value, the farther the object is
from its cluster center. Therefore, a small S(i) means that
cluster i is large in volume and sparse in distribution. This
is the reason we choose the cluster corresponding to the
minimum of S(i) as the candidate to split when the value
of c is increased. On the other hand, a larger S(i) tends to
mean that cluster i has a smaller number of elements and
exerts a strong “attraction” on them.
In order to split the cluster at Step 3.4 of FBSA, we have
adapted the “Greedy” technique [14]. The “Greedy” technique aims to initialize the cluster centers as far apart from
each other as possible. In an iterative manner, the “Greedy”
technique selects as a new cluster center the data vector
which has the largest total distance from the existing cluster centers. Adaptation of the technique for cluster splitting
yields the following algorithm:
(1) Identify the cluster to be split (5rst part of 3.4).
Supposing that the cluster number is i0 , its center and
the set of all the data in the cluster are denoted by Vi0
and E.
(2) Search E for the data vector not labeled “tested” which
has the maximal total distance from all of the remaining
c −1 cluster centers. This data vector is denoted by Vi1 .
(3) Partition E into E0 and E1 based on the distance of
each data vector from Vi0 and Vi1 . If |E1 |=|E| ¿ 10%,
then Vi1 is taken as the cth cluster center; else label Vi1
“tested” and go to Step 2.
(4) Search E for the data vector not labelled “tested” which
has the maximal total distance from all of the c cluster
centers. This data vector is denoted by Vi2 .
(5) Partition E into E1 and E2 based on the distance of the
data vector from Vi1 and Vi2 . If |E2 |=|E| ¿ 10%, then
Vi2 is taken as the (c + 1)th cluster center, else label
Vi2 “tested” and go to Step 4.
This algorithm ensures that the two new centers Vi1 and Vi2
are as far apart as possible from each other and from the c−1
centers (of the unsplit clusters). In addition, a signi5cant
number of data vectors (10% of E) are required to be in the
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Fig. 1. Cluster before the split. The center of the cluster is marked
by “+”.

of the data. Xie and Beni (1991) de5ned a well-known validity index, VXie , which measures overall average compactness against separation of the c-partition [8]. Fakuyama and
Sugeno (1989) proposed another validity index, VFS , which
measures the discrepancy between compactness and separation of clusters [9].
Recently, several other validity indices have been proposed, using di;erent de5nitions of compactness and separation. Rhee and Ho [11] proposed an index VRH , which
yields good results in terms of the accuracy of the 5nal number of clusters. However, the computational complexity for
calculating the value of this index is O(n2 c), making it dif5cult to use in practice. Zahid et al. [16] proposed an index
VZLE , which considers the geometrical properties, the degree
of fuzzy membership and the structure of the data. Rezaee et
al. [10] proposed a validity index, VRLR , which depends on a
linear combination of the average scattering (compactness)
of clusters and distance (separation) between clusters. Our
new index was inspired by the Rezaee–Letlieveldt–Reiber
index.

Fig. 2. Cluster after the split. The small circles here mark the initial
centers of new clusters.

4.2. A new validity index

neighborhood of each center so as to minimize the possibility
of picking up an outlier. Figs. 1 and 2 illustrate a typical
result of the splitting algorithm.
4. A new validity index
The index Vd (cf ) in Algo2 and FBSA measures the goodness of the results of a clustering algorithm. A partition is
considered good if it optimizes two conEicting criteria. One
of these is related to within-class scattering, which needs to
be minimized; the other to between-class scattering, which
needs to be maximized. The major validity indices for fuzzy
clustering found in the literature are reviewed in the following section. Then, a new index is introduced. The performance of the various indices is compared in Section 5.
4.1. Validity indices for fuzzy clustering
There are a number of cluster validity indices available.
Some of them use only the membership values of a fuzzy
partition of the data (membership matrix), others use the
original data and the computed cluster centers as well as
the membership matrix. Here are some of the indices most
frequently referred to in the literature.
VPC (Partition coeFcient) and VPE (Partition entropy) [15]
are two simple indices that are computed using only the
elements of the membership matrix. Both indices are easy
to compute. They are useful when the data contains only
a small number of well-separated clusters. However, there
is a lack of direct connection to the geometrical properties

In our experiments, we found that the currently used validity indices behave poorly when clusters overlap each other.
This motivated our search for an eFcient validity index. The
validity index we propose VWSJ (U; V; c) has the following
form:
VWSJ (U; V; c) = Scat(c) +
1 c

Sep(c)
:
Sep(Cmax )

(4)

'(vi )

i=1
, which is de5ned in the
Here Scat(c) = c '(X
)
same way as in the Rezaee–Letlieveldt–Reiber index,
{'(X )1 ; '(X )2 ; : : : ; '(X )s }T ; xU =
n where '(Xp) =1 
p
n
p 2
1
1
k=1 xk ; '(X ) = n
k=1 (xk − xU ) ; '(vi ) = {'(vi ) ;
n
n

uki (xkp − vip )2 , for
'(v)i )2 ; : : : ; '(vi )s }T , and '(vi )p = 1n

k=1

p = 1; 2; : : : ; s. It represents the compactness of the obtained
clusters. The value of Scat(c) generally decreases when c
increases because the clusters become more compact. The
range of Scat(c) is between 0 and 1. The term representing
the separation between clusters is de5ned as
 c
−1
c
2


Dmax
2
Sep(c) = 2
vi − vj 
;
Dmin i=1 j=1
where Dmin = mini=j vi − vj  and Dmax = maxi; j vi − vj . Intuitively speaking, the new validity index VWSJ (U; V; c) improves that of Rezae–Letlieveldt–Reiber in that it provides
a better balance between the two conEicting factors. Various experimental results demonstrating its eFciency will be
given in the next section.
To gain some insight into this de5nition of separa:
tion, Sep(c) can be written approximately as Sep(c) =
2
c Dmax
2
c−1 Dmin

E[ d12 ], where dc is the average distance from a
c
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Table 1
Means of DataSet2

x
y
z

Cluster1

Cluster2

Cluster3

Cluster4

Cluster5

1.0
0.3
0.0

1.0
−0.3
0.0

−0.5
0
0.5

−0.5
−0.3
0.0

−0.5
0.3
0.0

cluster center to all the other cluster centers. Both

2
Dmax
2
Dmin

and

E[ d12 ] in Sep(c) are inEuenced by the geometry of the clusc
ter centers. Both factors tend to be small when the cluster
centers are well distributed. For example, when the cluster centers form a tetrahedron,

2
Dmax
2
Dmin

reaches its minimum,

which is 1; while E[ d12 ] also reaches its minimum, D21 ,
c
max
whose value depends only on the absolute distance (which
is a scale factor) between any two centers. When the disD2

and E[ d12 ]
tribution of cluster centers is irregular, both Dmax
2
c
min
become larger. However, their values tend to evolve in different ways when the number of clusters c in the clusterD2

will likely increase as
ing algorithm increases. In fact, Dmax
2
min
more (calculated) cluster centers tend to result in increased
Dmax and decreased Dmin at the same time. On the other
hand, E[ d12 ] will likely become more stable as the estimate
c
of the average distance dc becomes more accurate. This is
D2

is important, since it is the main factor that
also why Dmax
2
min
penalizes model structures with too many clusters. A cluster
number which minimizes VWSJ (U; V; c) is considered to be
the optimal value for the number of clusters present in the
data.

5. Experimental results
In this section, we present the performance of the new
algorithm and the new validity index. We report the experimental results for four data sets, the 5rst one from the public
domain, the next two generated using mixtures of Gaussian
distributions and the fourth one from a real survey data set.
For each of the 5rst three data sets, we evaluate the algorithm and index using three criterions: accuracy of clustering results, stability across di;erent runs and time cost. The
fourth data set is used only for evaluating the time eFciency
of the proposed algorithm.
In all experiments, the fuzzi5er m in the algorithm was
set to 2, the test for convergence in the basic FCM algorithm (Algo1) was performed using  = 0:001, and the
distance function  ·  was de5ned as Euclidean distance.
Choosing the best range of the number of clusters is a diFcult problem. Here, for the 5rst three data sets, we adopted
√
Bezdek’s suggestion: Cmin = 2 and Cmax = n [15]. For determination of the number of clusters, the validity indices

Fig. 3. DataSet2 is a 3D data set and has 5ve clusters.

VPC ; VPE ; VXie ; VFS ; VRH ; VZLE and VRLR were compared with
VWSJ . The initialization of cluster centers in FBSA (Step 2)
and Algo2 (Step 2.1) used the random procedure.
5.1. Data Sets
The 5rst data set, DataSet1, is IRIS data set [17], widely
used for testing clustering algorithms. This is a biometric
data set consisting of 150 measurements belonging to three
Eower varieties. The data are represented as vectors in a
4-dimensional measurement space, in which four variables
are length and width of both petal and sepal. The set consists
of three classes, each of which contains 50 observations. In
fact, of the three classes, two are overlapped. Halgamuge and
Glesner [18] have shown that a very good classi5cation can
be obtained using only two features. In Ref. [10], Rezaee et
al. indicate that for their index VRLR , only one feature (petal
length) is used to obtain the best number of classes, which
is 3.
DataSet2 was generated using a mixture of Gaussian distributions. This data set is three-dimensional and contains
5ve Gaussian components (clusters). There are 50 data vectors in each of the 5ve clusters. For each component, the
three variables are independent of each other and their variance is 0.2. The means of the 5ve clusters (components)
are given in Table 1. Fig. 3 shows the 3D picture. In the
data set, Clusters 1 and 2 strongly overlap each other and
Clusters 3, 4 and 5 strongly overlap each other.
DataSet3 was also generated using a mixture of
Gaussian distributions too. This example contains 500
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Table 2
Means and variances of DataSet3
C1

C2

C3

C4

C5

C6

C7

C8

C9

C10

x

Mean
Variance

0.0
1.0

4.5
1.5

4.5
2.0

1.5
1.0

−2.0
1.0

−5.5
1.0

−3.5
0.5

−2.5
0.5

2.0
0.5

7.0
0.5

y

Mean
Variance

0.0
0.5

3.0
0.5

0.0
0.5

3.0
0.5

−3.0
1.5

−1.0
0.5

2.0
1.0

4.5
1.0

−3.5
1.0

−3.5
0.5

within Algo2 and FBSA. With this setting, if two validity
indices yield the same optimal number of clusters in a run,
they yield exactly the same clusters too. This point is particularly important for understanding the results discussed in
Section 5.2.2, where two validity indices can yield exactly
the same average position error for cluster centers even with
a signi5cant number of random initializations in the clustering algorithms.

Fig. 4. DataSet3 is a 2D data set and has 10 clusters.

two-dimensional data vectors. It consists of 10 Gaussian
components (clusters). For each component, the two variables are independent. There are 50 data vectors in each of
the 10 clusters. The means and variances of the 10 clusters
(components) are given in Table 2. This data set has been
generated so that Clusters 1, 2, 3, and 4 overlap. Fig. 4
illustrates the data set.
5.2. Comparison of accuracy of clustering results
The main objective of this subsection is to compare the
performance of di;erent validity indices in determining the
true number of clusters. There are two parts in this comparison: the optimal number of clusters(COpt ) and the errors between cluster centers and component means. Normally, each
run of the algorithm Algo2 or the algorithm FBSA involves
only one validity index. However, random initialization in
these algorithms may have some e;ect on their (average)
performance given that the number of runs of each algorithm is always limited (to 20 in our experiments). In order
to eliminate the disparities in performance induced by random initialization, we simply need to compute all the validity indices on the same set of the clusters, yielded by Algo2
or FBSA for c = Cmin to Cmax , and record and compare the
optimal cluster number corresponding to each validity index. For this reason, all the experiments in this section were
performed with all the tested validity indices implemented

5.2.1. Accuracy of the optimal number of clusters(COpt )
Finding the true number of clusters is a fundamental
goal of the clustering algorithm. The validity index often plays a key role in model selection approaches. Here
we have tested the existing well-known validity indices
VPC ; VPE ; VXie ; VFS ; VRH ; VZLE ; VRLR and our new validity index VWSJ in Algo2 and FBSA. Each algorithm
was run 20 times with di;erent initial centers in order
to evaluate the stability of the algorithm and the validity
index used.
Tables 3–5 give the results for the optimal number of
clusters (20 runs) when all validity indices are applied to
Algo2 for the three data sets. In these tables, COpt (m) means
that the optimal value COpt was obtained m times in 20 runs.
For the IRIS data set, VWSJ yields an optimal number of
clusters of 3 (the best number of clusters) in 19 out of 20
runs. However, few of the existing validity indices result in
the true cluster number.
For DataSet2, the very strong overlapping of clusters and
the random initialization procedure result in a very serious
consequence: no validity index often yields the true cluster
number. Nevertheless, VWSJ produces the correct number of
clusters in 8 runs out of 20. Most of the validity indices divide the data set into two clusters, one of which results from
the merging of two Gaussian components and the other from
the merging of three Gaussian components. We notice that
VWSJ and VFS sometime produce 4 clusters. In this case, two
clusters are merged and the other three are kept. Compared
with others, the results produced by these two validity indices are acceptable.
For DataSet3, it contains 10 clusters and the degree of
spread within clusters is di;erent. There are four components
tending to merge into two. This type of data set is diFcult
to identify. VXie ; VFS and VWSJ show the best identi5cation
ability for the data, reaching a 90% accuracy rate.
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Table 3
The optimal number of clusters by Algo2 for DataSet1
VPC

VPE

VXie

VFS

VRH

VZLE

VRLR

VWSJ

Run1
Run20

2(20)

2(20)

2(20)

3(1),4(3),
5(8), 6(6),8(2)

4(1),5(4),
6(10),7(4),8(1)

2(20)

2(14),3(6)

3(19),5(1)

Accuracy rate

0/20

0/20

0/20

1/20

0/20

0/20

6/20

19/20

Table 4
The optimal number of clusters by Algo2 for DataSet2
VPC

VPE

VXie

VFS

VRH

VZLE

VRLR

VWSJ

Run1
Run20

2(20)

2(20)

2(20)

3(9),4(8),
5(2),6(1)

2(17),3(3)

2(20)

2(20)

2(8),
4(4),5(8)

Accuracy rate

0/20

0/20

0/20

2/20

0/20

0/20

0/20

8/20

Table 5
The optimal number of clusters by Algo2 for DataSet3
VPC

VPE

VXie

VFS

VRH

VZLE

VRLR

VWSJ

Run1
Run20

2(20)

2(20)

7(1),9(1),
10(18)

10(18),
11(1),14(1)

10(8),11(1)
13(2),19(2)
21(5), 23(2)

2(20)

5(19)
7(1)

7(1),9(1),
10(18)

Accuracy rate

0/20

0/20

18/20

18/20

8/20

0/20

0/20

18/20

Table 6
The optimal number of clusters by FBSA for DataSet1

Run1–20
Correct rate

VPC

VPE

VXie

VFS

VRH

VZLE

VRLR

VWSJ

2
0/20

2
0/20

2
0/20

6
0/20

7
0/20

2
0/20

2
0/20

3
20/20

Table 7
The optimal number of clusters by FBSA for DataSet2

Run1–20
Correct rate

VPC

VPE

VXie

VFS

VRH

VZLE

VRLR

VWSJ

2
0/20

2
0/20

2
0/20

4
0/20

2
0/20

2
0/20

2
0/20

5
20/20

Tables 6–8 give the results of the optimal number of clusters obtained by FBSA combined with each validity index
for the three data sets. Because the results are the same for
each run, we list the 5rst and the last values. For DataSet1
and DataSet2, the optimal number of clusters yielded by
VWSJ is the true number of clusters in all 20 runs. However,
applying the existing validity indices to FBSA, none obtains
the true cluster number. For DataSet3, VXie ; VFS ; VRH and

VWSJ lead to the true number, 10 clusters. The other validity
indices fail to produce the true number.
5.2.2. Error between cluster prototype and component
mean
The other criterion we used here was the error between
cluster center and component mean. One of the important goals of a clustering algorithm is to 5nd the cluster
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Table 8
The optimal number of clusters by FBSA for DataSet3

Run1–20
Correct rate

VPC

VPE

VXie

VFS

VRH

VZLE

VRLR

VWSJ

2
0/20

2
0/20

10
20/20

10
20/20

10
2/20

2
0/20

5
0/20

10
20/20

Table 9
The average error between cluster prototype and component mean by Algo2, for the three data sets
Data

VPC

VPE

VXie

VFS

VRH

VZLE

VRLR

VWSJ

DataSet1
DataSet2
DataSet3

0.8016
0.5738
2.1378

0.8016
0.5738
2.1378

0.8016
0.5738
1.6892

2.6661
0.5447
1.9969

2.9495
0.5528
9.1726

0.8016
0.5738
2.1378

0.6732
0.5738
5.0926

0.4721
0.3990
1.6892

Table 10
The average error between cluster prototype and component mean by FBSA, for the three data sets
Data

VPC

VPE

VXie

VFS

VRH

VZLE

VRLR

VWSJ

DataSet1
DataSet2
DataSet3

0.8019
0.5738
2.1356

0.8019
0.5738
2.1356

0.8019
0.5738
1.6355

3.2158
0.4567
1.6355

3.9313
0.5738
1.6355

0.8019
0.5738
2.1356

0.8019
0.5738
5.2356

0.3853
0.2313
1.6355

prototypes that represent the component means. For this
reason, and since the component means are known for the
data sets used, we use the error between cluster prototype
and component mean as a criterion. The error E(COpt ) is
de5ned as follows: suppose {vi }(i = 1; 2; : : : ; COpt ) are the
cluster centers and {mi }(i = 1; 2; : : : ; K) the component
means (K is the number of components). Then
E(COpt ) =

COpt

i=1

min (vi − mj ):

16j6K

(5)

We calculated the average values of E(COpt ) yielded by
Algo2 and FBSA with di;erent validity indices for the three
data sets over 20 runs. Table 9 lists the results for Algo2 and
Table 10 lists the results for FBSA. According to the explanations of the experimental setting given at the beginning
of Section 5.2, if two validity indices always yield the same
optimal number of clusters, then they always yield the same
clusters. This explains why several validity indices yield the
same average value of E(COpt ) for a data set.
From the two tables, we note that the results for FBSA
and Algo2 are quite similar. FBSA is slightly better than
Algo2 for DataSet3 and slightly worse for DataSet1. Both
algorithms perform very well when the validity index VWSJ
is used. At least for these three data sets, FBSA combined
with VWSJ seems to be the best combination. The reason
for the good performance displayed by both algorithms
when combined with VWSJ is the accurate estimation of
the number of clusters. This corroborates the results of the

previous subsection. The most important conclusion suggested by these experiments is that the accuracy of the new
algorithm FBSA does not su;er from the restricted initialization scheme, while it is much more time-eFcient, as we
will show in Section 5.4.
5.3. Stability across di;erent runs
An interesting property of FBSA is its stability across
di;erent runs, which can be observed from the tests on the
three data sets. The output of these experiments (Tables
6–8) is independent of the initial cluster centers, whereas
when Algo2 is applied to each of these data sets, the output
varies quite signi5cantly depending on the validity index
used (Tables 3–5). The way in which new cluster centers are
initialized at each phase of FBSA is certainly the reason for
its stability. Since FBSA performs at least as well as Algo2
in computing the number of clusters and the cluster centers,
this property of stability could make it a more interesting
choice than Algo2 in many practical applications.
5.4. Comparison of FBSA to Algo2 in Terms of Time
Cost
Here we will show the performance of the new algorithms
by comparing their numbers of iterations and the real run
time needed for convergence. Algo2 and FBSA both use the
same validity index, VWSJ . In comparing FBSA with Algo2,
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Fig. 5. Comparison of the number of iterations and run time on
DataSet1 for Algo2 and FBSA.

Fig. 6. Comparison of the number of iterations and run time on
DataSet2 for Algo2 and FBSA.

we are interested in both the reduction in the number of
iterations for each subsequent value of c tested and the run
time. We ran this experiment on a PC with Pentium III
450 MHz CPU and 320 MB RAM.
5.4.1. Test on DataSet1, DataSet2 and DataSet3
Figs. 5–7 show the numbers of iterations that Algo2 and
FBSA need for each value of c and their run times. In all
cases, the new algorithm requires less run time to converge
than Algo2. The improvement in the run times is obvious.
Although there are some variations in the number of iterations for some c, we can see that the reduction in the number
of iterations relative to Algo2 is signi5cant for all data sets,
especially when c is large.
5.4.2. Test on DataSet4
In addition to the data sets described above, we also tested
a larger data set with 60,000 data vectors in order to get a
better idea about the improvement in speed. For statistical
purposes, we ran each algorithm 10 times and recorded the
average number of iterations for each c and the CPU time.
We ran this experiment on a PC computer with a 2:40 GHz
CPU and 1 Gb RAM.
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Fig. 7. Comparison of the number of iterations and run time on
DataSet3 for Algo2 and FBSA.

Fig. 8. Comparison of the number of iterations and run time on
DataSet4 for Algo2 and FBSA.

DataSet4 originated from a 5le provided by Statistics
Canada under its Data Liberalization Initiative Program
(http://www.lib.unb.ca/gddm/data/Ftp famex.html).
The
FAMEX 5le from StatsCan is a survey on household
expenditures and budgets for the year 1996. It includes
expenditures, income, and changes in assets and debts. The
variables include composition of household, characteristics
of dwelling, shelter expenses, food and alcohol, clothing,
medical and health care, travel and transportation, recreation and education and tobacco. After a simple preprocessing (removing non-numeric variables and items with
missing values), we obtained a data set with 22 variables
and 600,000 data vectors. DataSet4 is a randomly selected
subset of 60,000 items.
The main objective of testing DataSet4 was to further
illustrate the computational eFciency of the proposed algorithm. For a real data set, the actual number of clusters is
often unknown. Subjective evaluation of the clustering results is beyond the scope of this paper. We will restrict ourselves to the evaluation of time eFciency. Fig. 8 shows the
number of FCM iterations needed as a function of c, the
number of clusters tested. In the same 5gure, we also show
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the comparison of the real CPU time. For the number of iterations, we obtained a similar pro5le as in the experiments
conducted on the three previous data sets. Also, in terms
of gain in CPU time, FBSA is 48:15% faster than Algo2,
which is similar to the gain obtained in the previous examples. Thus FBSA seems to scale well to a large data set.
5.5. Discussion
From these results and from the results we obtained on
similar data sets, we can draw the following conclusions:
(1) The new validity index proposed here signi5cantly improves the performance in determining the number of
clusters and the accuracy of cluster centers. In fact,
based on the three sets of experimental results, only our
new validity index is able to yield the correct number of
clusters consistently, whether Algo2 or FBSA is used.
Comparison of the cluster centers and the component
means shows that FBSA combined with VWSJ gives accurate prototypes.
(2) The cluster centers yielded by FBSA are accurate for
small data sets containing fewer than several hundred
data (which is the case for most public domain data
sets), even when there are overlapping clusters. We
also obtained similar results on large data sets generated from a mixture of Gaussians. However, it is diFcult to carry out these comparisons on large real-world
data sets because the information required for the comparison, such as the true number of clusters and the true
cluster centers, is often not available.
(3) In terms of computational eFciency, FBSA generally
needs less run time than Algo2. For some c, the number of iterations for FBSA is larger than for Algo2. In
these cases, c has exceeded the true number of clusters:
obviously more iterations are needed to force partition
of a data set into more clusters than it really has.
(4) It is easy to understand that the number of iterations
for each value of c tends to be small when c is close to
the true number of clusters. When the value of c moves
away from the true number of clusters, the algorithm
FBSA tends to exhibit a more abrupt increase in the
number of iterations. Another interesting property of
FBSA is that the number of iterations for di;erent runs
is very stable for each value of c. This is illustrated in
Tables 6–8. These properties can be useful for developing a strategy to further limit the search range of c.

6. Conclusion and perspectives
The major contributions of this paper are an improved
FCM-based algorithm for determining the number of clusters and a new index for validating clustering results. The
new validity index, VWSJ , is a function of the original data,

cluster centers and membership. Experimental results have
shown that the new index is able to yield accurate numbers
of clusters even for data sets with overlapping clusters,
where existing indices often display unpredictable behavior. The new improved clustering algorithm has shown
advantages in terms of computation time and stability,
compared with the basic trial-and-error FCM-based algorithms. All experiments show that the combination of
FBSA and VWSJ gets the best results. It may also be more
useful in dealing with large high-dimensional data sets. In
this case, it is possible to test for big jumps in the value of
VWSJ (c) or in the number of iterations in order to halt the
clustering procedure before testing larger numbers of clusters. Investigation into the conditions for stopping FBSA is
under way.
There are a number of other avenues for further investigation. First, an extensive evaluation of the new index and
existing indices in terms of sensitivity to cluster overlapping is much needed for data-mining applications. Such an
evaluation can only be carried out with generated data sets,
since they allow us to test clustering algorithms in a more
controlled way. In Refs. [19,20], Wang et al. have proposed
a formal de5nition of the overlapping rate between clusters
and have developed methods for automatically generating
data sets. These methods are being extended to generate realistic high-dimensional data sets with outliers and will be
used to evaluate the index and algorithm proposed in this
paper.
Second, it is necessary to carry out theoretical studies on
why the new index VWSJ is able to yield such satisfactory
results. To our knowledge, all past work dealing with the
evaluation of validity indices has used experimental results
to illustrate the performance of an index. Combining concepts and techniques used in statistics with appropriate data
models could provide some insight into the behavior of validity indices.
Finally, investigation into the use of the new algorithm to deal with the dimension reduction problem is
another promising avenue. For instance, selection of
appropriate dimensions (features) for a supervised classi5cation problem can be performed by successively
applying the clustering algorithm to di;erent combinations of the feature dimensions. The clustering results can
be evaluated based on di;erent criteria to select the best
combination.
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